Mean spin entanglement of two massive Dirac particles under Lorentz transformations 
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We have studied the reiativistic effects on the mean spin entanglement of two massive Dirac 
particles using the simultaneous eigen-spinors of the Foldy-Woutheysen mean spin operator and 
the Dirac Hamiltonian. We have obtained the transformation matrix from the spinor with specific 
momentum to the spinor with a transformed momentum under an arbitrary Lorentz transformation. 
Using the transformation matrix we have shown the consistent monotonic behavior between the 
concurrence and the maximum value of Bell parameter in Bell inequality of transformed spin states. 

PACS numbers: 



I. INTRODUCTION 

Quantum entanglement is a very important physical 
resource in quantum computing [l]]. A separated pair of 
entangled quantum system can be used to transfer quan- 
tum information. The measurement on one system of an 
entangled pair determines the outcome of the measure- 
ment on the other system instantaneously Entanglement 
has a non-local nature in its essence. The special theory 
of relativity, however, tells us that there is no agreement 
on simultaneity for distant events among observers in 
inertial reference frames moving relative to each other. 
There are no causal relations between two spatially sepa- 
rate events. In this aspect relativity is local in its nature. 
Hence it is an intriguing question how the entanglement 
of a pair changes among observers in relative motions. 

The spin state of elementary spin 1/2 particles, such as 
electrons, are good candidates for qubits. Massive spin 
1/2 particles, however, have momentum degrees of free- 
dom other than the spin degrees of freedom. Moreover it 
has been shown the reiativistic transformation entangles 
the spin and momentum degrees of freedom and the spin 
entropy determined by the reduced density matrix for 
the spin is not covariant under Lorentz transformation 
0. Then the spin entanglements would also depend on 
the motion of observers and it is interesting how the spin 
entanglements between massive spin 1/2 particles would 
be changed under reiativistic transformations. Several 
authors have investigated the effect of the entanglement 
under reiativistic transformations 

Gingrich and Adamai [|| concluded that the spin en- 
tanglement of a pair of particles is not invariant under 
reiativistic motion, although the whole entanglement of 
spin and momentum degrees of freedom is Lorentz in- 
variant. They have founded that the special pairs of spin 
which are initially separable can be maximally entan- 
gled in the special reference frame. They also noted that 



this property could lead to simplified state preparation 
and purification protocols. Later Czachor et. al. have 
pointed out the definition of reduced density matrix with 
traced-out momenta in Ref. @ is not justified. The re- 
sults of later works have not reached the same conclusion 
depending on whether only the change of states are con- 
sidered [71 or what kinds of reiativistic spin observables 
are used 8MlO|. The main reason for the discrepancy is 
the lack of clear understanding for the proper spin oper- 
ator for massive Dirac particles. 

In this letter, we will clarify the problems associated 
with the reiativistic effects on quantum spin entangle- 
ment. The discrepancy in the previous works will be 
cured by considering a Dirac equation and spin observ- 
ables consistently. Dirac equation is a successful theory 
to reconcile quantum mechanics with special relativity. 
Therefore we will use the Dirac theory for a massive spin 
1/2 particle, so-called a massive Dirac particle, to obtain 
a consistent covariant approach for the reiativistic effect 
on the spin entanglement of a pair of Dirac particles. We 
use 'mean spin angular momentum' operators, defined 
by Foldy and Woutheysen ll| , to describe a good quan- 
tum spin observables we will call these operators as mean 
spin operators. The mean spin operators commute with 
Dirac Hamiltonian unlike the spin operator in the con- 
ventional representation and since the time evolution of 
the state of Dirac particle is generated by Dirac Hamil- 
tonian, the mean spin operators are constants of motion 
and become good quantum observables. The spin op- 
erator in the proper non-relativistic Pauli theory is this 
mean spin operator which describes the measured spin of 
the particle. 

A free massive spin 1/2 particle, i.e. a massive Dirac 
particle, is described by the time-dependent Dirac equa- 
tion 0, 

d 

i— *(x, t) = W D *(x, t) = {(3m + a ■ P)*(x, t), (1) 
at 
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where a and /3 are 4x4 Dirac matrices in standard Dirac 
representation, P is a momentum operator and a natural 
unit defined by c = h = 1 is used. Here we are interested 
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in the change of entanglement by relativistic motion of 
observers so that it is enough to consider the free Dirac 
particles without additional interactions. 

The eigenvalue equation of the Dirac Hamiltonian % d 
is as follows 



(^m + a-P)V ± (p,A) = ± J B^ ± (p,A), 



(2) 



where E = y m 2 + p 2 and the superscript ± represents 
positive-energy and negative-energy solutions. The state 
V' ± (p, A) can also be understood as the Lorentz trans- 
formed state from the state ip^iO, A) in the rest frame of 
the particle such as 



V' ± (Pj a) 



S(L(p))^(0,A), 



(3) 



where p M = L^ y k 1 ' . is a standard Lorentz trans- 
formation depending on p M and S(L(p)) is a 4-spinor rep- 
resentation for L(p). We use the following normalization 

(^+(p',A')> + ( P ,A)) = W 3 ( P '-P) (4) 
(^-(p',A'),V-(p,A))=<W 3 (p'-p), 

where (, ) is a scalar product in Hilbert space and the 
scalar products between other states are zero. Note that 
p°6 3 (p' — p) is a Lorentz invariant delta function. 

Here the label A represents other degrees of freedom 
than momentum degrees of freedom. It must be related 
to the spin of the particle, however at this stage, the 
meaning of this label is not clear since the conventional 



4x4 spin operators jcr 



-^ot x a does not commute 
with the Hamiltonian T-Ld- The proper spin operator 
must commute with the Hamiltonian which governs the 
dynamics of the particle and also satisfy the SU(2) alge- 
bra. The operator i<r commutes with the Hamiltonian 
/3m of the rest frame of the particle and satisfies SU(2) al- 
gebra, hence the proper spin operator must be reduced to 
i<r in the rest frame of the particle. Foldy and Wouthey- 
sen(FW) has defined the mean spin operator by the use 
of the "canonical" transformation such as uM 



\ll = U FW (P)±*U FW (P), 

where U F w{p) is the unitary operator as 
m + Pa-P + E 



(5) 



(0) 



The mean spin operators satisfy SU(2) algebra and com- 
mute with the Dirac Hamiltonian, i.e., [iS,"H£>] = 0. 
Therefore it is possible to find simultaneous eigenstates 
of Hd and £3, such as 



H D ^ w (p, A) = ±£tyJW(p, A), (E = y/m 2 + p 2 



S 3 ^ w (p,A) = Xip$ w (p,A), (A = ±l) 



(7) 



It is now clear that the variable A in r 4'$ w {p,X) repre- 
sents the z component of the mean spin operator S. The 



expectation value of the mean spin operator describes 
the average spin of the particle which is really measured. 
This mean spin operator is the same as the spin operator 
in the non-relativistic Pauli Hamiltonian when it is repre- 
sented in the representation (so-called Foldy- Woutheysen 
representation) where the Dirac Hamiltonian has the di- 
agonal form. Note that for positive-energy states the 
conventional Dirac spinor ip + (p,\) is the same as the 
Foldy- Woutheysen spinor ^^(p, A). This implies the 
mean spin for a particle with positive energy in its rest 
frame does not change under the Lorentz transformation 
Lip). 

The general situation appears when the observer to see 
a particle with momentum p 11 moves relativistically such 
that the momentum of the particle becomes ^ A^ v p v , 
where A is an arbitrary orthochronous Lorentz trans- 
formation. The spinor state ip FW (jp, A) described by 
the observer in old reference frame will be transformed 
as S(A)tp FW (p, A) to the observer in the new reference 
frame, where S(A) is the spinor representation for A. 

It is nontrivial to represent S(A)ip FW (p, A) with eigen- 
states ipp W (Ap, A) in the new reference frame since the 
two successive Lorentz transformations 5(A) and S(L(p)) 
does not become one Lorentz transformation in gen- 
eral. Here Ap is a spatial component for the trans- 
formed 4-momcntum. A FW-representation will be used 
to represent the transformed state explicitly. In the FW- 
representation, the transformed Dirac Hamiltonian and 
the mean spin operator take simple forms 



n' D = U FW {P)U D U FW {P) = p{m 
is' = U FW {V) l -VUl w {V) = \a. 



(8) 
(9) 



Note that both operators are block diagonal. This fact 
makes that the eigenstates in FW-representation can be 
written as the product form 



V' ± (p ! A) = |p)®|A) ; 



(10) 



Now the eigenstate in the original representation can be 
obtained as ip$ w (p, A) = U FW (P)il)' ± {p, A). It is conve- 
nient to use the new notations for the spin state |A) in 
FW-representation such as |+)+ = ( 1 ) T = |0), 
|->+ = |l), |+>- = |2>, and |->- = |3) 

We define a transformation matrix 7^ ' p ' which repre- 
sents the transformation of a FW-spinor state under an 
arbitrary Lorentz transformation A: 



s(A)i> FW (p,fx) = ]Tr4 A < p W (A P ,^), 



(ii) 



where /1, v = 0,1,2,3. This relation is described in the 
FW-rcprcscntation as follows 



S(A)4 w (P)|p)®| M ) 



r^u\ w {v)\Ap)®\ v ). 



Therefore the transformation matrix is obtained as 
T (A ' P) = (Ap\U FW (P)S(A)U FW (P)\p). 



112) 
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To find an explicit form of 7~' A ' P ' ) , we consider sim- 
ple Lorentz boost in x 3 direction with rapidity £. It 
is clear that a rotation of the space does not have any 
effect on the entanglement. Therefore we consider only 
a Lorentz boost without loss of generality. Writing the 
space part of momentum vector in spherical coordinate 
p = {E , p sin 9 cos (j), p sin 9 sin (j), p cos 9} , where 9 is a po- 
lar angle from the positive a^-axis and <p is the azimuthal 
angle in the x\X2 plane from the cci-axis. We get 



the 



where 
.4 
B 

C 



( 



A Be-** C De-** \ 

-Be'* A De** -C 

A Be'** 

-Be** A ) 



(13) 



m + E 



m + E 

p sin(0) 



^fsinhfi 
m + E V 2 



y/{m + E)(m + E>) 
sinh (§) 



sinh ( — 
2 



,(14) 
(15) 



cosh 2 ( - 
2 



E'^J{E + m)(E' + m) 

—p 2 cos(2c/>)} + mpcos(4>) sinh(£)] 



{(m + E) 2 
(16) 



D = — 



psin((j)) sinh(£) 
E'y/{E + m) (E 1 + m) 

~pcos((j)) cosh 



E sinh 



E' = psinh(£)cos(0) + £cosh(£). 



(17) 

(18) 
(19) 



Since the Dirac Hamiltonian in the FW-representation 
is in diagonal form, positive energy subspace is spanned 
by the upper two components of the state and negative 
energy subspace is spanned by the lower two components 
of the state. The sign of energy is invariant under Lorentz 
transformation so that we do not have to consider neg- 
ative energy state for a particle with positive mass m. 
Here we will study the entanglement of particles with 
positive energies and all considerations can be given in 
the two-dimensional positive energy subspace. Therefore 
the concurrence is a good measure of the spin entangle- 
ment for two massive positive energy Dirac particles. In 
the positive energy subspace the transformation matrix 
becomes 2x2 matrix 



r 1 



(A 5) p) 



&( A Be-** 
E { -Be^ A 



(20) 



A general positive energy state in consideration can be 
written as 



(21) 



normalization 

|2 



condition is satisfied as 



Where 

(^VP) = / d 3 pJ2\ I °p,a \ Z ■ The density matrix p is de- 
fined by Then the crc'-component of the reduced 
spin density matrix p r is obtained by 



Po 



d 3 v(4> 



FW 



(22) 



Note that this reduced density matrix is 2 x 2 matrix as 
expected for the positive energy state. The spin entan- 
glement of this reduced state is obtained from the concur- 
rence of Wootters formula C = max{Ai — A2 — A3 — A4, 0} 
[HI, EH j where Aj's are the square roots of the eigenvalues 
of the matrix pp with p = (a y <8> a y )p*(a y ® a v ). 

It is interesting to study the effect of Lorentz boost on 
the state whose reduced spin state is a Bell state initially, 

^ab = ^ {*(pi, -Pi; 1, 1) + * (pi, -pi; -l, -1) 
+ (pa, -p 2 ; 1, 1) + ^(pa, -pa; -1, -1)} , (23) 



',(+) 



where 

*(pa, -Ps; Aa, A b ) = tp^(p A , -Va) ® iP [ fw(Pb, A B ) 
and pi, P2 are in the xia^-plane with the same mag- 
nitude p and spin variables represents the eigenvalues of 
mean spin operators. The angle between pi and P2 is 
4>. By writing the state as a density matrix and tracing 
over the momentum variable, we get a maximally entan- 
gled spin state (C = 1). For an observer moving to the 
positive X3 axis with rapidity £, the state changes accord- 
ing to the transformation matrix (|20p and, therefore, the 
concurrence would change also. 

Taking limit p — > 00 and £ — > 00, the concurrence 
yields the simple form 



C= |cos(<£)|. 



(24) 



In this limit the final reduced spin state has all possible 
concurrence depending on the angle <p. When pi and 
P2 arc perpendicular, the spin entanglement vanishes en- 
tirely. 

For completeness we consider the Bell inequality [HI, 
Il6j as a parallel approach. The Bell inequality violation 
is given only for states with non-zero concurrence, since 
the entanglement is needed to violate the Bell inequal- 
ity. Moreover for two qubit systems the amount of viola- 
tion of Bell inequality can be an entanglement measure 
to some extent [17j. Therefore we expect the consistent 
violation of Bell inequality is obtained with the concur- 
rence. The previous results @, H, however, shows the 
maximal violation of Bell inequality is obtained in case 
the proper direction of spin measurement is chosen. We 
will show the consistent results are obtained independent 
on the direction of spin measurements different from the 
previous results. The main reason for this is that we 
consider both the transformation of the state and a spin 
operator correctly. 

The generalized Bell inequality is determined by the 
following Bell parameter, 

B=\ C(ai,bi) + C(ai,b 2 )+C(a 2 ,bi)-(7(a 2 ,b 2 ) |(,25) 
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FIG. 1: The maximum value of Bell parameter £? ma x versus 
the concurrence for the reduced spin states in the limit of 
p,£-> oo. 

where the spin correlation function is given by C (a, b) = 
TrK^S^ • a) ® (|Sb • b) p r }, where £ is the mean spin 
operator and a(b) is the direction for spin measurement. 
For a given state the maximum value of Bell parameter, 
6 max , is obtained by adjusting the directions ai, bi, a.2, 
and \)2 for spin measurement. Fig. U shows B max versus 
the concurrence in Eq. ([24"]) for the reduced spin state in 
the limit of p, £ — > oo. This shows one-to-one correspon- 
dence between two quantities, specifically, a monotonic 
behavior. The maximum value of Bell parameter be- 
comes less than 2 even though the entanglement remains 
(C ^ 0). This is because the more entanglement is re- 
quired to give the same Bell parameter for mixed states 
[17j . The reduced spin state for 4> = tt/2 in the limit of 
p,£ -> oo is the mixed state, ||*_)(*_| + ±|$ + )(<I> + |, 



where I*-) and |$ + ) are Bell states. The concurrence 
and the maximum value of Bell parameter for this state 
are both zero. 

We have studied the relativistic effects on the spin en- 
tanglement of two massive Dirac particles using the si- 
multaneous eigenstate of the Dirac Hamiltonian and the 
mean spin operator. In this formalism the meaning of 
spin operators as quantum observables is clear. The 
mean spin operators commute with the Dirac Hamil- 
tonian and become the conventional spin operators of 
the Pauli Hamiltonian in non- relativistic limit [ll[ . This 
means the mean spin operator is the good quantum vari- 
able involved in spin measurement. We have found the 
transformation matrix which represents the transforma- 
tion of a spinor state with given momentum to spinor 
states with the transformed momentum under an arbi- 
trary Lorentz transformation. We have shown the con- 
sistent monotonic relation between the concurrence and 
Bell inequality of the final reduced spin states trans- 
formed from the special initial states. We expect this 
consistent behavior is achieved for other states consid- 
ering our mean spin correlations. We have clarified the 
meaning of trace over momentum for a 4-spinor state, 
so our approach makes it possible to study the relation 
between the entanglement of momentum and spin of two 
Dirac particles under the arbitrary Lorentz transforma- 
tion in clear manner. 
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